C e n t r u m v o o r W i s k u n d e e n I n f o r m a t i c a
Introduction
Flows of two immiscible contiguous uids occur in a multitude of physical sciences and engineering applications, e.g., water underlying air in ship hydrodynamics, gaseous bubbles in cavitating liquids and fumes in petrolea. Such two-uids can be construed as a single medium sustaining a discontinuity at the interface. In the absence of viscosity, a t wo-uid ow is then described by a system of hyperbolic conservation laws. The numerical treatment of two-uid ows as hyperbolic conservation laws is referred to as interface c apturing. For examples of interface capturing see, for instance, Refs. 4, 14, 18] .
A common objection to conservative i n terface capturing is the occurrence of so-called pressure oscillations. These pressure oscillations expose the loss of certain invariance properties of the continuum problem under discretization. Several correctives have been proposed to avoid pressure oscillations, e.g., (locally) non-conservative discretization methods 1, 12, 13, 20] , correction methods 11] and the ghost uid method 5] . For an overview of these correctives, and of their merits and de ciencies, see 2] and, for homentropic ows, Ref. 15] .
It is commonly assumed that the loss of the aforementioned invariance properties is inherent t o a n y conservative f o r m ulation see, e.g., Refs. 2, 21] . However, since the invariance properties are intrinsic to the continuum equations, irrespective of their form, we conjecture that it is possible to devise conservative n umerical schemes that inherit the necessary invariance properties.
The interface-capturing approach requires that the employed numerical techniques remain robust and accurate in the presence of discontinuities. If one adheres to the conservative form of the equations, then Godunov-type schemes 6] are particularly useful in these circumstances. Such s c hemes can be suitably combined with nite volume methods and with discontinuous Galerkin nite element methods.
For nite volume methods, the schemes can be implemented with higher-order limited interpolation methods, to achieve accuracy and secure monotonicity preservation in regions where large gradients occur (see, e.g., Refs. 23, 25] ). For discontinuous Galerkin methods, accuracy and monotonicity preservation can be obtained by appropriate hp-adaptivity (see, e.g., Refs. 7, 24] ) and stabilization.
The present w ork considers the interface-capturing approach to solving two-uid ow problems. We investigate the pressure oscillations that are commonly incurred by discrete approximations of two-uid ow problems, and we present a non-oscillatory, conservative method for barotropic uids. Moreover, we set up a modi ed Osher-type ux-di erence splitting scheme for the approximate solution of the two-uid Riemann problems.
The contents are organized as follows: Section 2 presents the governing equations for two-uid ows. In Section 3 we examine the pressure-oscillation phenomenon and we propose a non-oscillatory conservative formulation. Section 4 presents the modi ed Osher scheme for barotropic two-uids. Numerical experiments and results are reported in Section 5. Section 6 contains concluding remarks.
Two-Fluid Flows
The basic notion underlying the interface capturing method, is that a ow o f t wo contiguous, inviscid compressible uids can be construed as a ow o f a single medium sustaining a discontinuity at the interface. In this section we derive the two-uid Euler equations from the Euler equations for the separate uids and the interface conditions.
Conservation Laws
We consider ows of two contiguous inviscid compressible uids. For convenience, we arbitrarily designate one of the uids as the primary uid and the other as the secondary uid. For our purposes, it su ces to consider a single spatial dimension. We refer to the corresponding spatial coordinate as x and to the temporal coordinate as t. The uids occupy an open bounded space/time domain f (x t) 2 R 2 g, which is the union of the disjoint open sets p and s , containing the primary and secondary uid, respectively, a n d t h e interface ; : = p \ s (the overbar denoting closure) see In both uids the ow i s c haracterized by t h e state variables : 7 ! R + and v : 7 ! R, representing density and velocity, respectively. To facilitate the presentation of the governing equations, we i n troduce the notation: ; : = f(x t) 2 : (x t) = 0 g with 2 C 1 ( ) a suitably chosen function. We assume that ( p ) > 0 and ( s ) < 0. The kinematic interface condition is stated:
Eq. (2.4c) implies that the interface moves with the local ow v elocity a n d t h us ensures immiscibility. Recall that the velocity a t t h e i n terface is uniquely de ned by virtue of (2.4a).
Two-Fluid Euler Equations
To f o r m ulate the two-uid Euler equations, it is important to note that the interface conditions (2.4) imply that the Rankine-Hugoniot condition for discontinuities in hyperbolic systems (see, for instance, as ! 0, with n t and n x the components of the unit normal vector on ;. The interface velocity satis es s = ;n t =n x . The equivalence then follows straightforwardly from (2.7){(2.8).
To obtain a conservative f o r m ulation of the two-uid Euler equations, we m ust replace the nonconservative, advective form of the kinematic condition (2.4c) by a conservative equivalent. Under the conditions imposed by (2.6), an appropriate replacement for (2.4c) is: A common objection to interface capturing is the occurrence of pressure oscillations. These pressure oscillations expose the loss of the pressure-invariance property of the continuum problem under discretization. Below, we exemplify the pressure oscillations and we derive a pressure-invariance condition for discrete approximations to two-uid ow problems. Furthermore, we construct a non-oscillatory conservative discretization for barotropic two-uid ows.
Exempli cation
The ensuing exempli cation has appeared in similar form in, e.g., Refs. 
The equation of state is speci ed accordingly as
with p (p) a n d s (p) the equations of state for the primary and secondary uid. In fact, (3.2) provides a de nition of the volume fraction in terms of p and see also x3.3. We allude to the fact that can be removed from the formulation and we suppress the dependence of g on below.
The q(x t) = q(x ; V t 0) :
The pressure p(x t) corresponding to (3.4) follows from the equation of state: (3.6) and it follows that p(x t) = P. In conclusion, if the initial velocity and pressure are uniform, then the pressure is invariant under (2.11).
To illustrate the loss of the pressure-invariance property, w e c o n s i d e r t h e discretization of (2.11){ (3.3) on the grid f(x j t k ) : j = 1 : : : n k = 1 2 : : : g (t 0 = 0 and t k < t k+1 ) by means of the discontinuous Galerkin nite element method with piecewise constants: q k+1 j ; q k j t k+1 ; t k + f ; q k j q k j+1 ; f ; q k j;1 q k j x j+1 ; x j = 0 k = 0 1 : : : :
This discretization is in fact identical to a rst-order forward Euler nite volume discretization. We specify the initial conditions q 0 j = ( 0 j 0 j V 0 j g 0 j ) T , conform (3.3). In (3.7), f ; q k j q k j+1 refers to the numerical ux (see, e.g., Ref. 9] ) between the elements L j and L j+1 . The grid function q k j is a piecewise constant approximation to q(x t k ) according to (3.4) in the interval L j .
The states q 0 j and q 0 j+1 (j = 1 : : : n ;1) are connected by a c o n tact discontinuity with velocity V . (3.10b) Comparing (3.10) to (3.3b), we infer that a necessary and su cient condition for pressure invariance of the discrete approximation is g 1 j = g j . However, conversely, from (3.3b) and (3.9) we obtain Hence, g 1 j = g j , and pressure invariance is maintained. However, Eq. (3.12) is in non-conservative form. The pressure invariance is in this case achieved at the expense of the conservative form of the equations. 
Pressure-Invariance Condition
The implications of the above exempli cation are restricted: The analysis does not imply that pressure oscillations are inherent to conservative discretizations of two-uid ow problems. It merely implies that discrete approximations to two-uid ow problems do not necessarily inherit the pressureinvariance property o f t h e c o n tinuum equations. To a void pressure oscillations, discrete approximations of two-uid ow problems must comply with a pressure-invariance condition. This condition is also mentioned in Ref. 21] in the context of a not-strictly-conservative method for multi-uid ows with a sti ened-gas equation of state. Below w e formulate the pressure-invariance condition for strictly conservative h yperbolic systems conform (2.11), provided with an equation of state of the form p( ). We d o n o t y et attach a speci c connotation to g.
The pressure-invariance condition for discretizations of (2.11) is stated: If v k j = V , with V a constant, and k j and k j satisfy
for some constant P, t h e n p is invariant under the characteristic mapping of the discretization, i.e., p ; k+1 j k+1 j ) = P :
In fact, g 1 j = g j with g j according to Eq. (3.10b) is an implementation of the pressure-invariance condition for an equation of state conform (3.2) and the rst order forward Euler discretization (3.7).
A Non-Oscillatory Conservative Scheme
To set up a pressure-invariant discretization for two-uid ow problems, we consider two distinct compressible uids with barotropic equations of state p (p) a n d s (p). For given density and pressure, the primary volume fraction is implicitly de ned by (x t) = (x t) p (p(x t)) + (1 ; (x t)) s (p(x t)) : (3.15) Under the assumption p (p) 6 = s (p), Eq. (3.15) uniquely de nes . However, does not appear in o u r n a l f o r m ulation and we do not rely on its unicity. We also require the primary and secondary partial densities, de ned as: (3.20) The rst order forward Euler discretization of (2.11) with the equation of state (3.19) or (3.20) satis es the pressure-invariance condition. To corroborate this assertion, we note that if v k j = V and p ; k j g k j = P, i.e., An example of the solution (4.7) is presented in Figure 2 . 
Riemann Invariants
To e a c h k-rarefaction path corresponds a set of Riemann invariants, i.e., functions which are invariant on R k . These Riemann invariants allow us to conveniently determine the intermediate states in the rarefaction-waves-only approximation to the Riemann solution that underlies Osher's scheme. Moreover, by means of the Riemann invariants and a simple argument for shocks, we c a n s h o w that the interface indeed appears as a contact discontinuity (cf. x2.3).
Consider the eigenvectors (4.4). A k-Riemann invariant for the two-uid Euler equations (2.11) is
any c o n tinuously di erentiable function k : R 3 Note that by virtue of the similitude of r 1 and r 3 , the 3-Riemann invariants can be chosen identical to the 1-Riemann invariants with c 1 replaced by ;c 1 .
To d e r i v e the 2-Riemann invariants, we solve (4.9) for k = 2 . It is important to note that g is a Riemann invariant for the genuinely nonlinear eigenpairs (k = 1 3) and that p and v are Riemann invariants for the linearly degenerate eigenpair (k = 2 ) . In the absence of shocks, this implies that the change in g associated with the uid transition at the interface can only occur across the contact discontinuity and, moreover, that the interface conditions (2.4) are indeed satis ed.
To demonstrate that g is also invariant across genuine (non-degenerate) shocks, we note that for any constant g A . From (4.5) and (4.16) we can infer that there exist two s h o c k paths on which g is invariant. Moreover, the shock path and rarefaction path of the degenerate shock ( k = 2) coincide. Because g is not a 2-Riemann invariant, g can vary on the 2-shock path. Therefore, the shock paths on which g is invariant m ust be the 1-and 3-shock paths. These paths correspond to genuine shocks. The invariance of g on the 1-and 3-shock paths implies that the uid transition at the interface cannot occur across a genuine shock. @ p dp = v L ; v R : It is noteworthy that (4.21) is well suited to treatment by numerical approximation techniques. In particular, the derivatives of the integrals with respect top 1=2 , which are required in Newton's method, are simply the integrands evaluated atp 1=2 . Moreover, for a given approximation top 1=2 , the integrals can be evaluated by a standard numerical integration method (see, e.g., Ref ; f(q ) ; f(q (l;1)=n ) ; ; f(q l=n ) ; f(q ) : (4.25) Under the condition 0 < 2 (q 1=3 ) = 2 (q 2=3 ) < 3 (q 2=3 ) 3 (q 1 ), we can then derive three generic The numerical ux is subsequently computed as f OM (q L q R ) : = f(q(0)).
Comparison of the approximate Riemann solution (4.27) with the exact Riemann solution (4.7) shows thats k acts as an approximation to the shock speed. In Ref. 22] it is proved that the speed of a shock with strength is equal to the average of the eigenvalues on either side of the shock and a remainder of O( 2 ), as ! 0.
Numerical Experiments and Results
To test the non-oscillatory conservative s c heme from x3.3, equipped with the modi ed Osher scheme from x4.4 for the numerical uxes, we consider two test cases. The rst test case is a Riemann problem in which the initial velocity and pressure are uniform. Its solution corresponds to a translation of the interface. This test case serves to verify the pressure invariance of the method. The second test case concerns a Riemann problem associated with the collision of a shock with the interface. As a result of the interaction of the shock and the interface, both the conservation properties and the pressure invariance of the method are relevant i n this case. Moreover, test case II is used to verify the asymptotic behavior of the error in the approximate intermediate states and in the shock-speed approximation, as the shock strength vanishes refer to Sec. are approximated by 1 0 -p o i n t Gauss quadrature. We use a uniform grid with mesh width h = 1 =64. The time step is set to = h=128. Figure 3 plots the results for test case I. The initial position of the interface is set at x = 0 . The results con rm the pressure invariance of the scheme.
Test Case II
Test Case II is illustrated in Figure 4 . The equation of state of the primary and secondary uid is speci ed by (5.1), with the constants listed in Table 1 The pressure corresponding to q 0 is p p ( 0 ) = 10. The states q 0 and q I are connected by a 3-shock with speed s = 1 6 :77543 : : : , a n d q I is connected to q 1 by a steady contact discontinuity, representing the interface. At t i m e t = 0, the shock collides with the interface, which is set at x = 0 (see Figure 4) . corresponding Riemann solution assumes the form of a re ected rarefaction wave, a moving interface and a transmitted shock. Table 2 .
The entries indeed con rm the asymptotic behavior of the errors: the error in the approximate intermediate pressure satis es p 0 :=p 1=2 ; p 1=2 / 3 and the error in the shock-speed approximation satis es s 0 := s ; ( 3 (q 0 ) + 3 (q I ))=2 / 2 , a s ! 0. We p r e s e n ted a non-oscillatory conservative method for barotropic two-uid ows. The conservative form of the two-uid ow problem is well suited to treatment by a Godunov-type method. We considered an approximate Riemann solver for barotropic two-uid ows, based on the rarefactionwaves-only approximation that underlies Osher's scheme. We established that the interface appears as a contact discontinuity, both in the exact solution and in the rarefaction-waves-only approximation. This implies ful llment o f t h e i n terface conditions. Numerical results were presented for two Riemann problems, viz., a translating-interface test case and a shock/interface-collision test case. The rst test case con rms the pressure invariance of the method. The second test case con rms its conservation properties. In both cases, the computed results agree well with the exact Riemann solution. Furnished with di erent settings, the second test case also con rmed the anticipated asymptotic behavior of the error in the approximate intermediate states and in the shock-speed approximation underlying the modi ed Osher scheme, as the shock-strength vanishes.
